A novel exact fan-beam image reconstruction formula is presented and validated using both phantom data and clinical data. This algorithm takes the form of the standard ramp filtered backprojection ͑FBP͒ algorithm plus local compensation terms. This algorithm will be referred to as a locally compensated filtered backprojection ͑LCFBP͒. An equal weighting scheme is utilized in this algorithm in order to properly account for redundantly measured projection data. The algorithm has the desirable property of maintaining a mathematically exact result for: the full scan mode ͑2͒, the short scan mode ͑+ full fan angle͒, and the supershort scan mode ͓less than ͑+ full fan angle͔͒. Another desirable feature of this algorithm is that it is derivative-free. This feature is beneficial in preserving the spatial resolution of the reconstructed images. The third feature is that an equal weighting scheme has been utilized in the algorithm, thus the new algorithm has better noise properties than the standard filtered backprojection image reconstruction with a smooth weighting function. Both phantom data and clinical data were utilized to validate the algorithm and demonstrate the superior noise properties of the new algorithm.
I. INTRODUCTION
In x-ray computed tomography ͑CT͒, the fan-beam filtered backprojection ͑FBP͒ image reconstruction algorithm has been used extensively due to the fact that it is computationally efficient. The standard FBP algorithm was derived for a full scan ͑angular range =2͒ along a circular trajectory. The desire for faster acquisition and improved temporal resolution led to the discovery of the short scan mode ͑angular range =+ full fan angle͒ that uses a standard FBP algorithm with Parker's weighting scheme. 1 One drawback of the standard FBP image reconstruction algorithm is that it is not local in the sense that it does not allow an exact reconstruction of any region of interest ͑ROI͒ when the angular range of data acquisition does not fulfill a short scan condition.
Recently, the development of novel fan-beam image reconstruction methods has attracted much attention. One of the most important discoveries is the possibility of a mathematically exact reconstruction algorithm for a region of interest ͑ROI͒ in the supershort scan mode ͑angular range less than short scan mode͒. [2] [3] [4] [5] [6] These developments are based on different frameworks: the Radon transform and a novel data rebinning method, 2, 4 a Tuy-like intermediate function, 3, 6 or a dimension reduction scheme from cone-beam conventional helical CT to fan-beam CT. 5 The differences between these reconstruction formulas are summarized below. In order to implement the reconstruction formula developed by Noo et al. 2 ͑see also Chen 3 ͒, numerical differentiations with respect to the source parameter and along the detector row are necessary. Thus, we will refer to this algorithm as a differentiation-based filtered backprojection ͑DFBP͒. Implementation of the reconstruction formula derived by Pan et al. 5 does not require numeric differentiation along the source trajectory, but requires numeric differentiation along the detector row. In implementing the reconstruction formula discovered by Kudo et al., 4 one does not need to compute numerical derivatives. In contrast to the reconstruction formulae of Noo et al. 2 and Pan et al., 5 which require only Hilbert filtering, the algorithm of Kudo et al. 4 
requires both
Hilbert and ramp filtering. The DFBP algorithm 2,3 requires only one backprojection step, while the other two algorithms require two backprojection steps. By utilizing an arbitrary weighting scheme, one of the present authors derived a general fan-beam image reconstruction formula 3 in which no numerical derivatives are required. Instead, the derivatives were analytically combined with Hilbert filtering operations to obtain the familiar ramp filtering and the partial derivative of the weighting function with respect to the source parameter. For a given weighting scheme, this partial derivative may be conducted analytically. Thus, the final image reconstruction formula is essentially derivative-free in the numerical implementation.
In practice, the selection of the weighting scheme applied to the redundant projection data is a very important issue since different weighting schemes may yield different noise properties. Physically, it is desirable to use equal weighting scheme to optimize the noise characteristics, 8, 9 unfortunately, the discontinuities in the equal weighting scheme will cause severe image artifacts when the standard FBP algorithm is employed. In this paper, we present a new image reconstruction formula which utilizes an equal weighting scheme and provides exact reconstruction by adding local compensation terms to the standard FBP image reconstruction formula. We will refer to this new algorithm as a locally compensated filtered backprojection ͑LCFBP͒ in this paper. Numerical simulations have been conducted to validate the new reconstruction formula using mathematical phantom data. Noise characteristics of the new image reconstruction algorithm has been compared with that of the standard FBP image reconstruction algorithm with a Parker weighting scheme. 
II. METHODS AND MATERIALS
A. Standard FBP image reconstruction formula with an equal weighting scheme
In the case of equiangularly spaced detectors with the scanning geometry shown in Fig. 1 , the standard fan-beam image reconstruction algorithm via ramp-filtered backprojection is given by
͑1͒
where
In order to numerically implement the above formula, regularization techniques have been employed, which is discussed in Sec. III C. Here g m ͑␥ , t͒ is the measured projection data and each of the geometrical parameters is illustrated in Fig. 1 . For a short scan mode, it is observed that the data redundancy is not uniformly two. After a detailed analysis of the filling of the sinogram, Parker 1 introduced a smooth weighting function for the projection data within each view angle. Other weighting schemes have also been introduced to weight the redundant fan-beam projections. 7 However, it is well known 9 that an equal weighting scheme would be optimal in radiation dose reduction since it theoretically gives the lowest possible noise variance.
In the coordinate system introduced in Fig. 1 , a circular trajectory with radius R may be parametrized as
where t i and t f are the view angles corresponding to the starting and ending points on the source trajectory. For a given object point x ជ, as shown in Fig. 2 , two lines may be drawn to connect the image point with the end points of the trajectory. These two lines intersect the source trajectory at two other points corresponding to view angles t a and t b . Thus, the scanning path may be divided into three segments:
For every ray originating from segment T 1 and passing through point x ជ, there exists a conjugate ray that originates from segment T 3 , however, for every ray originating from segments T 2 and passing through point x ជ, there exists no conjugate ray. This fact dictates that the data redundancy is 2, 1, and 2, respectively, for each segment. Therefore, the equal weighting scheme is defined by the following weighting function:
Scanning geometry of a fan-beam data acquisition system. The vector y ជ͑t͒ denotes a source position and the vector r ជ represents a vector originating from the source and passing through the image object. In the laboratory coordinate system, the vector y ជ͑t͒ is parametrized by a polar angle t that is defined from the positive x direction. The fan angle ␥ is defined in the counterclockwise direction starting from the outermost ray. ␥ m is the total fan angle.
FIG. 2.
Representation of the three segments T 1 , T 2 , and T 3 with end points t i , t a , t b , and t f .
· ͑3͒
After introducing the above weighting function, the standard FBP algorithm with an equal weighting scheme may be written as
͑4͒ Figure 3 demonstrates an image reconstructed using Eqs. ͑3͒ and ͑4͒. The algorithm was implemented according to the standard FBP 8 with an equal weighting scheme. It is clear that the reconstructed image has severe glaring and shading image artifacts.
B. Exact fan-beam image reconstruction via locally compensated filtered backprojection "LCFBP…
As discussed above, the equal weighting scheme applied to the standard FBP reconstruction formula does not yield a mathematically exact algorithm. Recently, Chen developed a mathematically exact fan-beam reconstruction algorithm that utilizes a general weighting scheme. 3 Chen's fan-beam image reconstruction formula ͓Eq. ͑42͒ in Ref. 3͔ with an arbitrary weighting function w͑x ជ , t͒ over the measured projection data at view angle t and image point x ជ is given by
where the differentiation operation acting on the weighting function w͑x ជ , t͒ in the second term is taken with respect to the view angle t, viz., wЈ͑x
The geometrical meaning of the other parameters used in Eq. ͑5͒ has been illustrated in Fig. 1 . When the equal weighting scheme given in Eq. ͑3͒ is utilized, the only contributions from the second term in Eq. ͑5͒ are due to the boundary values at the view angles t a and t b . Thus, Eq. ͑5͒ may be reexpressed, as given below:
where c͑x ជ , t s ͒ = w͑x ជ , t s ͉͒ t s − t s + , s = a , b, is the amplitude of the discontinuity in the weighting function at the view angles t a and t b . This formula represents one of our central results in this paper. It is the mathematical formulation of our new LCFPB image reconstruction algorithm. Comparing Eq. ͑6͒ with Eq. ͑1͒, we find that there are boundary terms at the end points corresponding to the angles t i , t a , t b , and t f of the three segments. Note that in the full scan mode, the contributions from the boundary terms vanish. As expected, the standard FBP formula is recovered from Eq. ͑6͒ in the case of the full scan mode.
C. Numerical implementation
In order to implement the reconstruction formula defined in the continuous limit in Eq ͑6͒, we introduce several intermediate steps. The implementation steps may be divided into two separate sets of operations, as schematically illustrated in Fig. 4 . The implementation of the first set of operations proceeds in the same manner as in the standard FBP algorithm. The second set of operations that are novel to this algorithm result in boundary compensation terms. Each of these sets of operations are performed separately; the results are then summed in order to obtain the final image value.
The first set of operations is described below. The measured projection data g m ͑␥ , t͒ are preweighted to obtain g m ͑␥ , t͒, 
͑7͒
which is then filtered using the ramp filter h R ͑␥͒ to obtain ramp-filtered data Q R ͑␥ , t͒,
where h R ͑␥͒ = ͑␥ / sin ␥͒ 2 h R ͑␥͒, with h R ͑␥͒ being the standard ramp filter kernel. A pixel driven backprojection with the equal weighting scheme is then performed on the rampfiltered data to obtain f R ͑x ជ͒:
The second set of operations that results in the local compensation contribution is explained below. In contrast to the first set of operations where a ramp filter is used, a Hilbert filtering kernel h H ͑␥͒ is employed to filter the projection data,
where h H ͑␥͒ = ͑␥ / sin ␥͒h H ͑␥͒, with h H ͑␥͒ the standard Hilbert filter kernel. The local compensation terms are obtained by backprojecting the correctly weighted Hilbert filtered data from the view angles t i , t a , t b , and t f . These local compensation terms can be expressed as the sum of two terms, b 1 H ͑x ជ͒ and b 2 H ͑x ជ͒, which are given next:
.
͑12͒
It is noteworthy to mention that after discretization, a bilinear interpolation needs to be performed to obtain the contribution from the end points t a , t b . This operation is schematically represented in Fig. 5 . The local compensation is then added to the ramp-filtered backprojected image to obtain the locally compensated image function f͑x ជ͒:
D. Validation and evaluation of the LCFBP algorithm
In order to validate the LCFBP algorithm described above, images were reconstructed using mathematical phantom data. The standard FBP image reconstruction algorithm with the standard Parker weighting scheme was utilized as the reference for a comparison of spatial resolution and noise characteristics of the LCFBP algorithm. The DFBP image reconstruction algorithm with an equal weighting scheme was also implemented to demonstrate the loss of spatial resolution in the DFBP algorithm due to the numerical differentiation. In the numerical simulations, the equivalence of the spatial resolution in the images reconstructed with the LCFBP and the standard FBP with the Parker weighting scheme were established before comparing the noise variances of these two algorithms. Since the spatial resolution of the DFBP algorithm does not match the LCFBP and the standard FBP with the Parker weighting, the noise characteristics of the DFBP algorithm were not compared with other two algorithms in this study.
III. RESULTS

A. Validation using the standard Shepp-Logan mathematical phantom
The standard low contrast two-dimensional Shepp-Logan phantom 8 was used to numerically validate the algorithm given in Eq. ͑6͒. A uniform view sampling of ⌬t =2 / 501 was used. The sampling rate of the equiangular detector was chosen to be ⌬␥ = ␥ m / 301. The radius of circular trajectory was assumed to be R = 4. The image was reconstructed on a 5 . The bilinear interpolation scheme that is used to obtain a value for each of the boundary terms is demonstrated above. Since projection data is not necessarily present for the end points that correspond to view angles t a and t b , a bilinear interpolation is required. This is accomplished by constructing two parallel lines that originate from the nearest sampled view angles t 1 and t 2 . For each of the parallel rays a linear interpolation between adjacent detector cells that correspond to fan angles ␥ 1 and ␥ 2 is performed.
uniform grid of 512ϫ 512 pixels with the pixel size of ͑1 / 256͒ ϫ ͑1 / 256͒. The total fan angle used was / 6 and thus there was no data truncation.
In Fig. 6 the images were reconstructed using: the LCFBP image reconstruction algorithm ͓Fig. 6͑a͔͒, standard FBP image reconstruction algorithm with a Parker weighting ͓Fig. 6͑b͔͒ and the DFBP image reconstruction algorithm 2, 3 with an equal weighting scheme ͓Fig. 6͑c͔͒. A three-point formula was utilized to numerically calculate the derivatives in the DFBP algorithm. Projection data were acquired over a shortscan angular range ͓t i , t f ͔ = ͓0,5 /4͔. A highly compressed window level of ͓1.015 1.025͔ has been used to display each of the images. In these three images, it is observed that the sharpness of the edges in our LCFBP algorithm and the standard FBP algorithm using Parker's smooth weighting is similar; whereas the image reconstructed with the DFBP algorithm with an equal weighting scheme is comparatively more blurred. It is observed that the background artifact patterns are similar in the LCFBP and the DFBP algorithms, but different from the standard FBP algorithm with the Parker weighting. In Fig. 7 , images were reconstructed using data acquired from a supershort-scan range ͑ t i , t f = ͓0,͔͒. In this case, it is not surprising that the standard FBP image reconstruction algorithm with the Parker weighting does not gen- FIG. 6 . An image reconstructed using the LCFBP reconstruction algorithm given in Eq. ͑6͒ from projection data acquired over a short scan range is displayed in ͑a͒. Images reconstructed from the same scan range using the standard FBP with Parker's weighting and the DFBP algorithm with an equal weighting scheme are displayed in ͑b͒ and ͑c͒, respectively. The above images are displayed using the window ͓1.015, 1.025͔.
FIG.
7. An image reconstructed using our LCFBP reconstruction algorithm from projection data acquired in the supershort scan mode is displayed in ͑a͒. Images reconstructed using the standard FBP reconstruction algorithm using Parker's weighting scheme and the DFBP algorithm with equal weighting are displayed in ͑b͒ and ͑c͒. The display window is ͓1.015, 1.025͔. erate correct reconstruction for the given ROI as the short scan criteria is not met. Both the LCFBP algorithm given by Eq. ͑6͒ in this paper and the DFBP algorithm accurately reconstruct the given ROI. Again, the image reconstructed using the DFBP algorithm is less sharp than the image reconstructed using Eq. ͑6͒.
B. Measurement of the modulation transfer function "MTF…
In order to establish the basis for an unbiased comparison of the noise variance between the LCFBP and the FBP with Parker weighting, we must establish the condition of equivalent spatial resolution. The spatial resolution will be assessed here using the modulation transfer function ͑MTF͒. Simulations were performed by reconstructing a single small disk of radius 0.002 that was positioned at the center of the FOV with a radius of 0.4. The diameter of the circular scanning trajectory was assumed to be 8 in our numerical simulations. The MTFs were then computed from the simulated point spread function of each algorithm. The results are given in Fig. 8 , where it is clear that the MTF for the LCFBP and the FBP with a Parker weighting perfectly match for all the frequency components, whereas the MTF curve for the DFBP algorithm drops off much more rapidly at higher spatial frequencies than the MTF curves for the LCFBP and standard FBP with the Parker weighting scheme.
C. Evaluation of the noise characteristics
In order to further evaluate the quality of images reconstructed using the LCFBP algorithm, a circular phantom with a uniform density was used to generate both noiseless and noisy projection data. Scanning parameters were the same as those used for validating the algorithm with the SheppLogan phantom. The entrance fluence per detector element was assumed to be 2 ϫ 10 5 . Images were reconstructed using the noisy and noiseless projection data for LCFBP algorithm and FBP algorithm with Parker's weighting scheme. Images reconstructed from noisy projection data was subtracted from the images reconstructed using noiseless projection data. This was done to ensure that the variance measurements did not pick up reconstruction artifacts.
The performance of the new LCFBP image reconstruction algorithm was evaluated in the case of a short scan. The subtraction images from both algorithms are shown in Fig. 9 . Variance measurements have been shown to be systematically lower in images reconstructed using the LCFBP algorithm for all the image pixels. Variance measurements on five different ROIs were shown in Fig. 9͑c͒ . As demonstrated earlier, the spatial resolution of the two algorithms is equivalent, therefore, a direct comparison has been made between the noise characteristics of the LCFBP algorithm and the standard FBP with the Parker weighting scheme, but the variances of the images reconstructed using these algorithms was not compared with the DFBP algorithm.
Both the new LCFBP algorithm and the standard FBP image reconstruction algorithm with Parker's weighting generate images with equivalent spatial resolution. However, since the LCFBP algorithm utilizes an equal weighting scheme the noise variance in the reconstructed images is consistently lower than the noise variance in the images reconstructed using the standard FBP with Parker weighting. This is evident from the results shown in Table I . A mean increase in the variance of different ROIs in the images reconstructed using FBP with Parker's weighting scheme compared to that of LCFBP is about 6%.
IV. DISCUSSION AND CONCLUSIONS
In this paper, an exact fan-beam image reconstruction formula via locally compensated filtered backprojection ͑LCFBP͒ has been introduced. This algorithm was validated using both clean and noisy phantom data. The important features of the LCFBP algorithm include the algorithm: is implemented without a numeric derivative, it utilizes an equal weighting scheme, and it extends the standard FBP so as to enable the exact reconstruction of a given ROI in the supershort-scan mode.
The first feature enables the reconstruction of images with better spatial resolution than the image reconstruction algorithms that require numerical differentiation. This feature will be important when high spatial resolution is crucial such as in CT lung imaging.
The second feature allows one to reconstruct images with low noise variance. Since the noise variance is inversely proportional to the radiation dose, the LCFBP may permit a dose reduction that will be particularly beneficial in pediatric and cardiac imaging. When compared with the standard FBP with the Parker weighting scheme, the noise variance ͑stan-dard deviation squared͒ may be consistently reduced by 6% or so. This theoretically leads to a radiation dose reduction of 5% or so. In order to experimentally prove and quantify the possible dose reduction, more phantom experiments and clinical investigations will be conducted in our future studies. Finally, the capability of the supershort scan allows one to improve temporal resolution in cardiac imaging. The application of this algorithm to cardiac imaging requires the study of the algorithm's properties when reconstructing dynamic objects. Since dynamic imaging is a completely separate research field, the detailed discussion of this application is beyond the scope of the current paper. However, research is currently being conducted in our group to study the application of dynamic imaging using the LCFBP algorithm.
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